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Abstract

The calculation of illuminance at a point in many lighting system simulations assumes that architectural
surfaces are homogeneous diffuse emitters. If the point has an unoccluded view of an illuminating surface,
the calculation is straightforward. It becomes considerably more complicated if the illuminating surface is
partially occluded. We describe a new procedure for determining illuminance in the presence of occluding
surfaces. The flux from the illuminating surface is considered to consist of differentially divergent beams,
some of which project onto the plane containing the illuminated point and produce patches of uniform
differential illuminance. If the illuminated point is within a patch, the beam contributes to its illuminance.
A relatively simple step function is found that weights the differential illuminance with 1 or 0, depending
on whether the point is inside or outside a beam’s projection. This permits integration over all the beams,
resulting in the final illuminance at the point. Occluding surfaces are accounted for by permitting them to
block beams and thus alter a beam's projection. Integration over all beam directions gives the occluded
illuminance. The final result can be interpreted in terms of rays cast from the illuminated point. It is found
that a system of surfaces establishes a unique set of rays and only those that strike the source need be
considered. Each such intersection produces an increment to the illuminance, calculated from a function
that results from the integration over all beams. The result is an efficient method to account for occluded
illuminance that shows an unexpected connection between radiative transfer analysis and ray casting.
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Introduction and Strategy

The calculation of illuminance from homogeneous diffuse area sources with arbitrary polygonal shapes was
first performed by Lambert.! His equation, rediscovered many times in many forms, assumes that the
illuminated point has an unoccluded view of the illuminating polygon. In the presence of occluding
objects, the computation becomes significantly more complicated. Various simple procedures have been
used to account for occlusion, based either on surface intersection of cast rays,” or projection of occluding
surfaces onto the emitter.” Recently, Paulin,* Arvo,” DiLaura,’ Gould,” and Seider® have worked on more
general approaches to this problem.

Beginning with previous developments, ** we use the following strategy. Flux from a polygonal source is
considered to consist of an infinity of differentially divergent beams, some of which project onto the plane
containing the illuminated point, producing projected areas of uniform differential illuminance. If the
illuminated point is within a projection, the beam contributes to its illuminance. A relatively simple step
function is found that weights the differential illuminance with 1 or 0, depending on whether the point is
inside or outside a beam’s projection. This permits integration over all the beams, resulting in the final
illuminance at the point. Occluding surfaces are accounted for by permitting them to block beams and alter
the shape of the differentially illuminated projections. Integration over all beam directions gives the
occluded illuminance. The final result is interpreted in terms of rays cast from the illuminated point. It is
found that a system of surfaces establishes a unique set of rays and those, and only those, that strike the
source need be considered. Each such intersection produces an increment to the illuminance, calculated
from a function that results from the integration over all beams.

Defining flux beams from homogenous diffuse emitters

A differential element, dA, of a homogeneous diffuse emitter, A, produces a differential illuminance,
dE(x,y) given by

dE(x,y) = L da cos(§) , (1)

dA cos(0)

r2

where do = and L is the diffuse luminance of A. Thus, dE(X,y) can be written as

dA cos(0) cos(§)

r2

Vector R defines the orientation of solid angle dw. See Fig. 1. For fixed R, the illuminance at any
element dA' is given by Eq. 1 if the solid angle d® projected from it in direction R intersects the emitter A.
The illuminance is zero, otherwise.

dE(x,y)=L

Figure 1. Differential illuminance from an element of diffuse emitter.

In an entirely equivalent way, the illuminance at dA' can be determined from

dE(x,y) =%, @)



where do=1dw'=1, cos(0) dw'=1, cos(e) COS(&") =L dA cos(8) ————= COS(&") ; as shown in Fig. 2.
r? r?
Thus, the differential illuminance is

dA cos(0) cos(§)

r2

which is, of course, the same as before.

dE(x,y)=L

Figure 2. Differential illuminance from an Figure 3. Collective differential solid angles from
element of diffuse emitter. elements of the emitter.

If the direction, R with respect to the plane of the emitting surface is kept constant, and the size of the solid

angle do' fixed, all the elements dA that comprise A, will produce a differential illuminance on the
receiving plane, as shown in Fig. 3.

The collection of differential solid angles acts as a beam with direction R that defines area A' on the

illuminated plane. The beam is incident with angle &, has differential divergence of dw', and produces an
illuminance given by Eq. 1 anywhere within projected area A'.

Figure 4. Flux beam geometry. Figure 5. Specification of beam direction by
perpendicular-plane angular coordinates.

We establish a Cartesian coordinate system with its z-coordinate axis perpendicular to the illuminated
surface. Direction R is specified in the perpendicular-plane angular (ppa) coordinate system, angles (o.,3)
measured from the receiving plane normal, in planes that correspond to the x-z and y-z coordinate planes,
respectively. The solid angle that specifies the divergence of the beam, and the cosine of its incident angle
are expressed in ppa coordinates by

dtan(o) dtan(B) and cos(E) = 1

do' = :
¢ (1+tan? (o) + tan> ()2 (1+tan () + tan > (B)) /2




Thus, the differential illuminance anywhere within projection A' is given by

dtan(o) dtan(p)
(1+tan® (o) +tan2(B))2

dE=L 3)

We now posit a switch function, S,(x,y;tan(c),tan(B)), the assumes values lor 0, depending on whether
point (x,y) is inside or outside the projection of a beam from A incident from direction (o.,B); i.e. inside or
outside A'. It proves convenient to have the switch function dependent on the tangent of the ppa angles.
The differential illuminance anywhere on the receiving plane is thus

dtan(o) dtan(p)
(1+ tan? (o) + tan 2 (B)) >

dE(x,y)=L S A (%, y; tan(o), tan(B)) . 4)

The total illuminance at any point on the receiving plane will be the cumulative effect of all the beams
projected from A that intersect that point. This is equivalent to letting o and 3 range from -n/2 to +mn/2; and
so the tangents range from -oo to +oo. Thus, the total illuminance is obtained by integrating Eq. 4.

- | 1
E(x,y)=L I I S x (x, y; tan(ot), tan(B)) R dtan(o) dtan®) . (5)

—00 —o0

Note that depending on the orientation of the emitter, the range of o and B can produce beams emanating
from its backside. We want the illuminance to be zero anywhere in this back-projected beam.
Additionally, if it is anticipated that these integrations are to be performed by residue calculus, then
restrictions are imposed on the switch function. Namely, it must be everywhere analytic except for isolated
singular points—which appears to eliminate any function that exhibits the discontinuity of a switch
function. We use an interesting artifice, described below, to avoid this difficulty. To simplify the notation
in the rest of this development, we let o represent the tangent of the angle o, and B the tangent of angle f3;

i.e. (tan(o),tan(P))—(o,B).
Step function defining the intersection of a flux beam and an illuminated plane
The emitter is assumed to have a convex polygonal outline, and thus its projection A' will always be

convex. A switch function is constructed from cross products of vectors formed by the illuminated point
(x,y) and the vertices of the projection (x'y,¥",)-

Vn+ 1

7=(0,0,1)

(XVIH 1s y'n*

(X'nY'n)

Figure 6. Vectors used in the switch function.

If the coordinates of the vertices of emitter A are always defined with the same handedness, and the
normal to the illuminated plane is (0,0,1), then the dot product of the surface normal with the cross product
of V,, into V,,;, will be positive if point (X, y) is on the interior side of the edge formed by (x',, y',) and
(X‘n+1’ y'n+l)' That isa



Vn X Vn+1 on = (Xvn _X)(yvn+l_y) - (X‘n+1_x)(yvn _Y)

The projected vertices are given by
X' =X, + 2z, 0,
Yn=Yat 2z, B

If these are substituted into the cross product and like terms collected, the result is
VoxVyse=a,o+b,B+c,

where  a, =y (Zy * Zy1 ) T Yol Zo = Yn Zns1,
bn =X ('Zn + Zn+1 ) — Xnt+l Zn + Xn Zn+1,
Ch=-Yy ('Xn + XnH) + X(Yn - Ynﬂ) — Xn+1 ¥n — Xn Yn+1-

All coordinates are with respect to an origin on the receiving plane. We note that a,, b,, and c, depend only
on the position of the illuminated point and the fixed vertices of the n™ edge of the emitting polygon—not
on the beam direction (o,). Any cross product, formed by the vertices of an edge of projection A', and
(x,y), will be positive if (x, y) is interior to the edge, and negative if (x, y) is exterior.

A unit step function, U, is now posited that transforms a cross product, a, o. + b, B + ¢, into 1 or 0,
depending on its sign. A little thought shows that the required switch function will be the product of these
unit step functions, each evaluated using the cross product formed with consecutive pairs of vertices of the
projection of the emitting polygon:

N 1. . inside o
SA X y;0,B) = H U(a,o+b,B+c,)= 0 if (x,y) is outside the projection of polygon A,

n=1

where N = number of vertices of A. Remarkably, with S, (x,y;0,p) defined this way, it is everywhere = 0 if
the direction (o) specifies a beam that emanates from the backside of A, as defined by the order in which
its vertices are specified. With a careful drawing and attention to handedness, it can be shown that any
point (x,y) is always outside of at least one edge of a projection from the backside of a polygon.

The unit step function is generated as follows. Recognizing that the residue calculus evaluation of Eq. 5
requires analytic functions, we use the integral of an analytic, continuous function to generate a
discontinuous function:

oo

Z 1~ ; I _
ij dk =i (Log(~—)~Log(>) —{

+7/

2 >0
depending on whether Real(Z) is ,
-T/2 <0

where i ="-1. The principle branch of Log is used, cut along the negative real axis. To produce 1 or 0
from this integral, we add

oo

[ 21 dk=m/2.
ok +1
These two integrands are added to give:
z_ ., 1 _ (1+2) k> +2)

K2+72 K241 (1+k3Kk2+72)’

and so the step function is

2 .

1410 0

WD) +2) g 10 e Rty is . 6)
A+k2)k?+2%) 0+i0 <0

U2) ={]'
0



Fig. 7 shows this unit step function evaluated for various values of comnlex areument Z.
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Figure 7. Unit step function defined in Eq. 6.

The reason for these elaborate machinations is that the integrand of this integral is everywhere analytic
except at isolated singular points. This unit step function has an additional important property that
facilitates the necessary integration: the result of the integration is O or 1, regardless of the imaginary
component of the argument Z—i.e. only the sign of the real part of Z affects the result. The switch
function is the product of integrals of the type in Eq. 6, one for each edge of emitter A, and its final form is:

N o 2
SA((Xs&X,Y):Hl (1+(anoc+b2n|3+c2n))(kn +(anoc+bn§+cn)) dk,
nleco (I+k, ")k, +(an0{‘+bnl3+cn) )
Substituting this into Eq. 5, gives for the illuminance at point (x,y):
1 k
By =t | [|[]1 [ @t babreadin rlasocrbaBren) g | 1y q5
ool 0=t G (I+kn")(ky” +(ago+byB+cy)”) (+o”+B%)

The integrand is sufficiently well behaved so that the order of integrations can be changed:

docdp

°]°] Ny 1+ (@,0+b,B+cy )k, +(@ya+byBtcy)) 1

E(X’y)zLIdkljdkz"'Ide 2\ 2 2 2, a2\2
[ : i 1k, Ak, 2 + a0+ b, Be,)?) (1+a? +B2)

—00 —oo

One additional simplification is necessary: the algebraic term that expresses the purely geometric function
dw cos(&), must be simplified. More specifically, oo and B must be separated. The function

1
(l+oc2+[32)2

has the form shown in Fig. 8.
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Figure 8. Geometric function of o and f3. Figure 9. Error in the approximation to the
geometry function.



This can be approximated by
1 1 1

1+0? +B%)? ) 1+0%)? 1+p%)?

and each of the latter elements, in turn, approximated by

| . 2 . 2

1 1

=|x + < +...
(1+a?)? (iGJrHoJ [—iGJrHoJ

The approximation can involve as many pairs of terms as necessary. It has been found sufficient to use two
pair, i.e. four terms. The constants G and H are fixed once and for all. The approximation for the geometry
function is thus,

4 4 2 2 2
1
(+a +[32)2 22[1(} +H aj [qu+HqBJ

p=l q=1

where G;=1.57,G,=3.25,G;=-1.57, G4 =-3.25
H1 = 132, H2 :.525, H3 = 132, H4 = 525

This approximation differs from the correct geometry function by no more that 0.04, as shown in Fig. 9.
The final form for the integral expressing the illuminance is

E(x,y)= Ljdkl Idkz Ide J J 1(l+(a o+b [3+Cn))(k +(aoe+b,B+cy))
" (1+k, ) (k2 +(@po+byB+cy)?)

4 4 ’.‘ 2 2 2
1
ZZ[IG +H ocj [qu+HqBJ dordp

p=1q=1

—00 —oo

(7
Iluminance at a point from integration over all beams

Residue calculus is used to perform the integrations over o, B, and finally over the k,.” The details are in
the Appendix. The result can be expressed as follows. Define the quantities

_ bncm _bmcn

Oy = (8a)
o anbm _ambn
AnCm —amCp
_ 8b
Bm’n —a by, +a,b, (80)
A, =im (8¢)
Cm
b
B, =-m (8d)
Cm

and the function D(Olyn 5 Brnn: Ams Bm):



4 4
D(am,nsﬁm,n;AmaBm) = Sign(Aan_AmBn)Amzz

p=lq=1
Log[Hqu(iAGp +Hyt ) } B, . .
HoBu i G + HyBn,o (GpHqAm +GqHoBu) + T HH F H,(Gy +TH By Gy HGA R +GgHoByy + T H,H, f
(8e)
The logarithm must be evaluated with care. Finally, the illuminance at point (X, y) is
N N N
E(x,y) = Z Z HU(aj Omn t bj Bm,n +Cj) D(am,nsBm,n;Am’Bm)
m=1 n=1,#m \ j=l#m,n (9)

Geometric Interpretation

Application of this result, and its extension to the case that includes occluding objects, is facilitated by a
geometric interpretation. The quantities defined above, a,, b,, c,, are the x, y, and z components,
respectively, of the cross product of the two vectors formed by the illuminated point, (x, y) and the vertices
of the n™ edge of the polygon. We will refer to the plane that contains these two vectors as an edge-plane.
The quantities a,, b,, c,, are, therefore, the components of a vector, P,,, perpendicular to the edge-plane,
with magnitude equal to twice the area of the surface formed by (x,y) and the edge having coordinates (x,
Vu)-(Xn+1, Yar1)- This is shown in Fig. 10.

(Xn+15Yn+1)
P=Rat+9ba+2cn) (ory)

A~

xy)
Figure 10. Formation of edge-plane and the Figure 11. Formation of vector Dy, from the
vector P, perpendicular to it. intersection of two edge planes.

The quantities A, and B,, are the tangents, tan(o.y,), tan(B,,), of the ppa angles specifying the direction of
the m™ vertex of the polygon from the illuminated point (x,y). As shown in Egs. 8, 0, and B, are
composed of the quantities

b nCm ~ b mCn>

ApCm —amChs

anbm _ambns

and it can be seen that these are proportional to the X, y, and z-components respectively, of a vector D,
formed by the cross product of two edge-plane normal vectors, P, and Py; i.e.,

Dyn=P, X Pp.

Such a vector defines the direction of the intersection of the two edge-planes specified by (x,y) and the
normal vectors P, and Py, as shown in Fig. 11. That is



D b,c,, —b,c

nm,x — 9n%m m®n
Dnm,y =—(apCy —ayCy)
D

nm,z — anby —aynby

Substituting into Eqgs. 8a and 8b gives:

bncm —men Dnm X
o = = 2 =tan (O 1021
e anbm_ambn Dnm,z ( Dnm) ( )
_ -D
a,c anC nm,
B =00t = ~ = tan (Bpm) (10b)

_anbm+ambn _Dnm,z

And s0 Oy, By are the tangents of the ppa angles specifying the direction of D,,,. Therefore, the unit step
function in Eq. 9, U(aj Ot +bj Bantc;), returns 1 or 0, depending on whether point (x, y) is contained within
the projection at tangents (O, , Bun) Of the edges j=1,...N; j # m,n, onto the receiving plane. Or, what is
the same thing, whether a ray cast from point (x, y) in direction specified by D,,,, intersects the surface
bounded by edges j=1,...N; j #m,n. Contact with the surface at its edges is considered an intersection.
Contact on the backside of a surface is not considered an intersection. Note that the polygon to be
intersected is missing the edges that are used to generate D,,,. A little thought shows that the polygon to be
intersected can be defined including them and the result will be the same. Though less obvious, this is true
even if the missing edges are not adjacent. Additionally, considering the pair of edges (n,m) in reverse
order, (m,n), reverses the direction of the D-vector, i.e. Dyy,= -Dym, but produces the same tangents o, ,, and
Bum- A different value of the D-function results, however.

Equation 9 can be interpreted as a process that generates rays from the intersection of all possible pairs of
edge-planes and if such a ray intersects the emitting polygon, the illuminance is incremented by the
appropriately evaluated D-function:

N N
Ex,y)= Z Z IA(X,y;5 ®mon> Bm,n) D(am,n > Bm,n 3Am>Bm)s
m=1 n=1,#m (1 1)

where 15 (X,¥;0nn,Bmn) = 1 or 0, depending on whether the ray from (x,y), projected in direction

(Ol » Bun)s intersects polygon A, or not. An example is shown in Fig. 12. A luminous triangle is positioned
above an illuminated plane, oriented so that its inactive side is seen by part of the illuminated plane and
therefore has no illuminance. The illuminance calculated with the new procedure is shown in Fig. 13a. A
comparison with values calculated using configuration factors is shown in Fig. 13b. Illuminance is
calculated along the dashed line under the luminous triangle in the illuminated plane of Fig. 12. The larger
values are within 2% of those calculated with configuration factors.
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Figure 12. Simple test case: luminous triangle Figure 13a. Illuminance due to tipped triangle.
tipped with respect to illuminated plane.
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Figure 13b. New and traditional illuminance Figure 14. Projection of emitting surface with
calculations compared. occluding surface on the illuminated plane.
Blocking beams

This basic procedure is now extended to account for occluding surfaces. To establish the principle
involved, it is sufficient to consider the case of one occluding surface. The arrangement is shown in

Fig. 14. As before, a differentially divergent beam of flux emanates from surface 2 and produces a uniform
differential illuminance anywhere within its projection. The beam is occluded by surface 1, so that the
projection of 2 that produces illuminance is only the shaded section. Using the switch function described
above, a point (x,y) will be illuminated if

(1-S;(x,y;0.B))85 (x, y;0.B) =1,

where subtracting the switch function from 1 reverses its effect, and produces 1 if the point is outside the
projection, and zero otherwise. Thus, (X,y) is illuminated by the beam from direction (o.,B) if it is inside
projection 2', and outside projection 1'. The illuminance due to all the beams, and therefore due to emitter
polygon 2, occluded by polygon 1 is:

e 4 4 ? 2 2 2
E(x,y)=LI I(1—Sl(x,y;oc,[3))sz(x,y;oc,B)ZZ[ o OJ {T - J dodp .

p=1 q=1 bt 1Gq +HqB

Where the approximation for the geometry function is used as before.

Now assume a system of M total surfaces. Let them be numbered such that the last surface is the emitter.
Assume further that none of the other M-1 surfaces are entirely behind the emitting surface or the
illuminated plane. That is, no other surfaces have the possibility of occluding.'® The effect of any
occluding polygon is obtained by multiplying by one minus its switch function. The illuminance at a point
(x,y) on the illuminated surface is given by

E(x,y) = L??{Hl S (X, y,(xB))JSM(X y,aB)ZZ[ A N i Jdoch.

el o=l gl iG,+H,o 1Gq+HqB

—00 —o0

(12)

As above, each switch function is defined by the product of unit step functions. We have for the switch
function for the projection in direction (o.,B) of the m™ polygon:



« 2
S, (0 B; X, Y)=ﬁ% J‘(l+(am,n0{«+bm,nl3+cm’n))(km’n +(@mp0+by  Bcyn)
0

dk
1+ K pn )&y > + @ @by Bt n)?)

m,n
n:

or

Nm 1 (1+(amna+bmnﬁ+cmn))(kmn +(amna+bmnﬁ+cmn))

Sm(a’ Ba X, Y) = J-dkm,
0

n=1 nl (l+km,n )(km,n +(am,na+bm,nﬁ+cm,n) )

Where N,, = number of edges of the m™ polygon, and for the n™ edge of the m™ polygon:
am,n =Yy ('Zm,n + Zm,nJrl ) + Ym,nH Zm,n - Ym,n Zm,nHa
bm,n =X ('Zm,n + Zm,nH ) - Xm,n+1 Zm,n + Xm,n Zm,nHa

cm,n =-y ('Xm,n + Xm,nJrl) + X(Ym,n - Ym,n+l) - Xm,nH Ym,n - Xm,n Ym,nH'

If these switch functions are substituted into Eq. (12), we obtain for the illuminance at a point (X,y)

N [ co oo
E(X,y)ZLl_M[ 2! J‘dk J‘J‘ H 1— H_(1+(amna+bmnﬁ+cmn))(kmn +(amna+bmnﬁ+cmn))
m=l1 n=1 ( 00 —oo (l+km,n )(km,n +(am,n0{*+bm,nl3+cm,n) )
ﬁl (1+(aM,na+bM,nB+cM,n ))(kM,n2 +(aM,na+bM,nB+CM,n ))
n=l1 T (1+kM,n2)(kM,n2 +(aM,na+bM,nB+cM,n)2)

4 ? 2 2 2

4
A — do. dB (13)
o 1G +Hpo | |iGq+HgP

Residue calculus is again used to perform the integrations. The result is:

N,

M M
E(x,y) = Z Z ZIM(X’y;“m,n;p,q’Bm,n;p,q) Lin (6, Y30 n:p,q B, nzp,q) Ip (6 Y3 O nip g > Bmnip.q)
m=1 n=1 p=lq=1;(p,q)#(m,n)

M-1
H I+ (x,y; Omon;p,q> ﬁm,n;p,q ) D(am,n;p,q > ﬁm,n;p,q 3Amn>Bmn) (14)
k=1#m#n
where,
. _ 1+Hk/'M
L (x, y’am,n;p,qsﬁm,n;p,q) =-1"Mor 0,

depending on whether a ray projected from (x,y) in direction (O n:p.q > Bmnyp.q)» intersects the k™ polygon, or
not. The D-function is the same as that described above. The brackets, [ ], indicate integer division.

A geometric interpretation of the result is as follows. Rays are formed by the intersection of all possible
pairs of edge-planes; e.g., the edge-plane of the n™ edge of the m" polygon, intersecting the edge-plane of
the g™ edge of the p™ polygon. The rays are cast from point (x,y) in the direction Olmnip.q » Pmnpg> formed
by these intersections. Examination of Eq. 14 shows that the following obtains:

a) a ray generated by an edge-plane of an occluding surface must intersect that surface,
b) a ray not generated by any edge-plane of an occluding surface must not intersect that surface, and
¢) a ray must intersect the emitting polygon.

If a ray does not satisfy all these conditions, it is not counted. For each ray that does satisfy these
conditions, the D-function is evaluated and the illuminance is incremented by that amount. The number of
rays that count, even in a complicated system, is small and so is the number of evaluations of the D-
function.

10



Figures 15, 16 and 17 show examples of rays formed by pairs of edge planes.

Figure 15. Edge-plane ray that does not count. Figure 16. Edge-plane ray that counts.

Figure 17. Edge-plane ray that counts. Figure 18. Edge-plane ray that does not count.

An example of occluding polygons is shown in Figure 19. The same luminous triangle is used as in the
previous example. Two others are added, shown in darker gray, positioned between the luminous triangle
and the illuminated plane. Their horizontal projections are shown in the figure. Figure 20 shows the result
of using Eq. 14 to calculate the illuminances. The number of evaluations of the D-function at each
illuminated point ranged from zero to 12, with the average being approximately 7.
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Figure 19. Emitting polygon and two occluding Figure 20. Occluded illuminances.
polygons.

Discussion

Any of the powerful culling procedures developed for ray casting in computer graphics can be used to
isolate only those rays that might intersect the emitting polygon—though the new procedure invites culling
based on the orientation of edge-planes, which may prove more efficient. Additionally, ray intersection
algorithms have an important place here. One can interpret the new procedure as casting weighted rays,

11



with the D-function being the weight. The new procedure developed here establishes an interesting and
unexpected nexus between two analysis procedures: traditional radiative transfer and ray casting.

The new procedure lends itself to the efficient analysis of a system of surfaces. One begins with the
surface closest to the illuminated plane, treating that surface as an emitter. The next closest surface is then
becomes the emitter, with the first surface acting an occluding surface, and so on.

Future research will focus on finding a way to integrate the final equations obtained here over a receiving
surface, in order to obtain the total flux received; or what is the same thing, the radiative exchange form

factor in the presence of occluding surfaces.
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Appendix

The most general form of the integrations to be performed in this development is that in Eq. 13. The
condition without occluding surfaces (Eq. 7) is a special case.

N_ oo 0o oo _ N
Lll\_A[ m dk J. J‘ ﬁ - l—m[l (I+(ap n0+by B+ Cm,n))(km,nz + (@m0t by pB+cmn))
m,n
m=l n=l () —oco—oo | M=1 n=l1 n (1 + km,nz)(km,n2 + (am,na + bm,nl3 + Cm,n)z)

ﬁ_M[ 1 (14 (@00 + byg B+ oy ) (kng +(aM,na+bM,nB+cM,n»J

2 2 2
n=l1 T (1+kM,n )(kM,n +(aM,na+bM,nB+CM,n) )

4 4 : 2 : 2
1 1
ZZ{EGP+Hpaj [qu+HqBJ do-dB

p=lq=l

If this is expanded, one obtains several terms, all of which are of this form:
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[I—M[ﬁo]‘dk } o]' o]' [ll\—/[[ Il\I—M[l 1+ (am,na + bm,nﬁ +Cmn ))(km,n2 + (am,na + bm,nB + Cm,n))
m,n T

2 2 2
m=ln=1 o Y0 \m=l el 1+ km’n )(km,n + (am,n(x + bm’nB + Cm’n) )
4 4 s 2 - 2
>y N do. dB
ol ool iG,+Hpo ) {1 Gg+ HqB

(A0)
The integrals over o and [ are performed using residue calculus. In each case, the closed path of
integration is the real number line and a semicircle in the upper half of the complex plane. The value of the
integrand vanishes along the semicircle, so the integral along the real number line is equal to 2mi times the
sum of all the residues at the poles in oo and B that the integrand has in the upper half-plane. All the poles
are simple and are located where denominators vanish. Poles due to the geometry function are located at

=i
Hp,

Since H,, is always positive, this is an upper half-plane pole when G, is negative. Now, the integrand in
Eq. A0 can be considered the product of a function in o, ®(c), and the denominator of the o-component of
the geometry function:

®(00)
(G, +H, o)

The residue of this at the pole is, since the denominator is squared (See Ablowitz, p. 209):

0D(r)

G,
dal o=—i—2

p
But ®(0) is the product of switch functions, which have derivatives equal to zero. This is true even though
the pole introduces an imaginary component into their argument. Thus, the residues at poles due to the
geometry function are zero.

All other poles in . in Eq. A0 are from that portion of switch function denominators that can vanish:

1

3 .
(km,n +(am,noc"'bm,nB"'Cm,n)2)

Its poles are

Since a,,,, may be negative, the pole in the upper half-plane may be expressed as:

Bbm,n +Cm,n 2 km,n
— +1

o=
2
m,n

a m,n a

As before, we consider the integrand to be the product of a function in o, (o), and this denominator.

D(a)

2
(km,n +(am,na+bm,nﬁ+cm,n)2)
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Since the power of the denominator is 1, there is no differentiation of this function and the residue is
simply:

q>(0()| o= Bbm,n +Cimn +’i\ km,n

a 2
m,n Qm.n

In this case, ®(o) consists of: the oi-component of the geometry function, the product of all other switch
functions, and the current switch function without part of its denominator. The latter is:

(1+(am,na+bm,nﬁ+cm,n ))(km,n2 +(am,na+bm,nﬁ+cm,n))

(+Kkpn?)

If this is evaluated at the pole, the result is ; Thus, this portion of ®(o) becomes a constant when
Tay,

evaluated at the pole. The second part of ®(cr), the product of all other switch functions, is evaluated at the

pole. In all these cases it is sufficient to use only the real part of the pole location,

Bbm,n +Cm,n
o=,

Am,n
since a switch function's value is independent of any imaginary component of its argument. Thus, for
example, the switch function for the (p,q)™ element of ®(or) becomes:

Bb,, +¢ Bb,, +¢
(t+(apg| —— 0 4 by Brep NKpg” +apg| = |+by g B+cpq)
1 m,n am,n
T Bb,, +¢
(kg )k p g +(ap’q[—m’“ m.n ]+bp,qﬁ+cp,q)2)
m,n

(AT)
The first part of (o), the oi-component of the geometry function, evaluated at this pole is:

2

We note that in the process of evaluating the residues in o, the integration over k,, from zero to infinity of
a switch function, migrates to the integration of the o-component of the geometry function, since the
variable of integration, k,,,, now appears there. The -components of the geometry function are not
affected by this process.

Integration over o equals 2mi times the sum of all these residues. Since there are as many residues as there
are edges of polygons, integration over o yields as many terms as edges of polygons. Grouping the
now-modified o-component and the B-component of the geometry function together, each term of the
integration over o has a typical form given by:
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Bb ’ +c ’ 5 Bb , +cC ,
el M N, (1+(ap’q(_manmn +bp,ql3+cp,q))(kp,q +(ap,q _% +bp,qB+CP,q))
2mi J‘ H 1 m.n oo

2mag, 1 oo T 2 2 Bbmn +e
Il e (140 kg2 +(apg _% +b, B+epg)?)

m,n

-2
Bbm,n +C1’1’1,1’1 A kl’l’l,l’l o
H, - : H —= +G, (1Gq +qu3) dp
m,n am,n

(A2)

Equation A2 is now integrated over . The denominator of the geometry function is squared and, since the
rest of the function is the product of switch functions with derivative of zero, the residues of at the poles in
B of the geometry function are zero.

The part of a typical component of a switch functions in Eq. A2 with a denominator that can vanish is

1

Bb ntem .
e +bp,q|3+cp,q)2)
n

m

2
(kpq” +(apgq (‘

Its poles are at

B=-— 4pq°mn F8mnCpq _ 2 amnKpg

i
~3pqbmn tamnbpq  ~3pgbmntamnbpg

Which pole is in the upper half-plane depends on the sign of ay, n/(-a,,gbmntamnbpq). The residues are
obtained by substituting this value of B into the remaining portions of Eq. A2. Substituting into the
remaining component of the switch function that has this pole,

Bbm,n TCmn Bbm,n +c

m,n
. ]*bp,qﬁﬂp,q))
,n

m

]Jrbp,qﬁJrcp,q))(kp,q2 +(ap,q[_

(I+kpq?)

(I+(@pq [—

m,n

b

gives

1 Am,n

21 (-ap gbmn +amnbpgq)

Only the real part of the pole value of B need be substituted into the other switch function components,
giving, for the s™ component of the r'" switch function:

2
(1 + (a r,sam,n;p,q + br,sBm,n;p,q + cp,q ))(kr,s + (a r,sam,n;p,q + br,sBm,n;p,q + Crs ))

2 2 2
(1 + kr,s )(kr,s + (a r,sam,n;p,q + br,sBm,n;p,q + Crs ) )

where
3pqCmn TamnCpq

~apqPmn tamnbpg

o by qCmn tOmnCpg and B _
m,n;p,q = b b m,n;p,q =
apq%mn “3mnOpgq

(A3)

Finally, the location of the pole in B is substituted into the geometry function. It now contains k;, , as well
as ky, . Integrating each from 0 to oo gives, after much simplification, the D-function defined in Eq. 8e.
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By this process, if the system of polygons contains a total of M edges, integration over o generates M
terms. For each of these, integration over B generates (M-1) terms, for a total of M(M-1) terms, most of
which evaluate to zero. It remains to show that this is the case and, in the process, give a geometric
interpretation to these results.

This can be made clear by way of example. Consider the case of four polygons, each with four sides. The
function to be integrated over o and 3 has the following structure:

S4(1=S3)(1-S,)1-S) G,

where S, is the switch function for the n™ polygon, and G is the geometry function. Polygon four is the
emitter, and the rest can potentially occlude. If this is expressed in terms of unit step functions, we have

Ug1UgoUy3U 4(1-U3z1U35U33U34)1=Uy Uy Up U 4)A=U U o U 3U 1 4) G, (Ad)

where U, is the unit step function from the n™ edge of the m"™ polygon. Integration over o is expressed by
the sum of the 16 residues that this function has at the simple poles in the upper half-plane that each of the
16 unit step functions has in o.. Consider the residue from U;,. Equation A4 can be written

Ug1UgoUy3U4(DA-Uy Uy rUs3U5 4)A-Uy U o U 13U 4) G+
Ug1UgoUg3U44(-U3z3U3,U33U34)1-Uy Uy Up3U5 4)1-Up U oU 53U 4)G

Only the second term has a pole in Us ,, and as shown above, the unit step function U;, becomes a constant.
Thus, the residue at the pole in Us; has a structure of unit step functions that is:

Uy UgpUg3Uy4(-Us Us3U34)1-Uy Up5Us 35U )(1-Up U, U 13U 4) G, (AS)

where G'is geometry function modified by the integration over o, and includes the constant from U;,. The
switch function S; looses the factor of 1, and the sense in which it switches becomes inverted. Note that
only the residues at the poles of the unit step functions from the occluding polygons have an altered

structure. Thus, integration over o generates 12 terms with a structure as in Eq. A5, and 4 with a structure
as in Eq. A4.

Integration over P changes the structure in a similar way. The result is three possible final forms to the
16x15=240 residues:

a) Residues at poles in o and B both from unit step functions from the emitter polygon; Uy, and
U, 4 for example:

UgUy3(1-U;31Us5U33U34)1=Uy Uy sUs Uy yg)(1-Uy U, U 35U 4)D

This reside will be zero unless the point defined by (0t .44 , B4.2.4.4) is within the emitting polygon,
now defined by U, ; U3, and outside all the occluding polygons.

b) Residues at a pole in o or 3 from a unit step function from the emitter polygon, and at a pole
from a unit step function from an occluding polygon; U, ; and U, , for example:

Ug1UgoUy4(0=Us31U3,U33U34)(=Usy1Us3Uo4)1-Uy;Uj,U3U 4)D
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This reside will be zero unless the point defined by (0t 3.2 , B43:2.2) is within the emitting polygon,
now defined by Uy, Uy, Uy, within the occluding polygon defined by U, ; U, 3 U, 4,and outside
all other occluding polygons.

¢) Residues at poles in o and 3 both from unit step functions from occluding polygons; Us , and
U, 5 for example::

Ug1UsoUy3U44(=Usz1U3z3U34)1-Uy Uy Uy 53U 4)(=UU,U;4) D

This reside will be zero unless the point defined by (0,13 , B3.2:1.3) is within the emitting polygon,
within the occluding polygons defined by U; ; Us 3 Us 4 and Uy ; U, , U, 4,and outside all other
occluding polygons.

These three conditions define a geometric interpretation of the final result.

The D-function has a zero imaginary component. Extracting only the real component of Eq. 8e gives the
following. Note that only the positive constants G are used, so the number of summands is halved.

2 2
D(a‘m,ns Bm,n 3Am,Bn) = sign(-A, B, + AmBn)Z Z
p=1q=1

GpHgAm —GgH By, GpHyAm +GgH By,

H
p
4atan[G0(m,nJAmBm HpH, ( 5 ; 2)2+( — 2)2 -
P (GpHqARn —GgH, B, )" +HyHg (GpHqA, +GgH B, )" +HyHY

~GpHAp +GgH By, GpHyAm +GgH By,

Hq
4 atan GiBmJl AnBm| HoHg +

+
a ((GquAm ~GgH,By)" + HgHg)z ((GquAm +GgH,B,,)? +H,§H§l)z

2
GCZIHIZ’B‘ZH 1+G7362m’n 2 122 2 11242
(GpHqAp ~GgHyBy)? ~H2H2 (G H A, +G H,B,)> ~H2H?

L q P q —
o8 2 e 2 2P 2, 22
GﬁHﬁAfH 1+H—ga2m,n ((GquAm—GquBm) +Hqu)z ((GquAm+GquBm) +Hqu)Z
GP
28, (G (G H A, +GoH By )+ HOH2B, ) 2 A (G (GoH By — G H A )+ HoH2B,
m\Mq\MpHgfim q''pPm p ' qPm,n mMq\MgHpPm pq/m p''qPm,n

2 21712 2 2n2 2 2112 2 2n2
Hy(GpH A +GoHoBy) + H2H2 JG2 +H2B2, ) H,((—GyHoAy +GgH,By)? + H2HZ G2 +H2BE, )
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